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Abstract
This article is devoted to static spherically symmetric black hole solutions of dRGT
(de Rham-Gabadadze-Tolley) massive gravity in the presence of cosmological constant.
The unitary and non-unitary gauges are used to find the solutions in three, four and five
dimensions. We show that there are two general classes of solutions. In one of them,
the effect of massive potential is appeared as the effective cosmological constant. By
investigating these solutions in different dimensions, we find an expression for effective
cosmological constant in arbitrary dimensions.
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1 Introduction
Nowadays, it is strongly believed that the universe is experiencing an accelerated ex-
pansion, and this is supported by many cosmological observations, such as SNe Ia [1],
WMAP [2], SDSS [3] and X-ray [4]. An effective approach to calculate the current
accelerating expansion of the universe is to modify the gravitational theory. One of
the simplest alternative to general relativity is Brans-Dicke scalar-tensor theory [5], and
amongst the most popular modified-gravity attempts, which may successfully describe
the cosmic acceleration, is the f(R)-gravity. Here, f(R) is an arbitrary function of scalar
curvature [6, 7]. Another proposal to modify gravity suggested by Fierz and Pauli [8] to
equip the graviton with a non-zero mass. The massive gravitons not only may shed a
light on the dark energy problem, but also could be the candidates for dark matter [9,10].
The model proposed by Fierz and Pauli is a model of non-interacting massive gravi-
tons on a flat background. The presence of a mass term due to applying linear gravita-
tional perturbation theory to this model, explicitly breaks the gauge invariance of general
relativity. According to quantum field theory, gravitational interaction is mediated by
gravitons, which are spin-2 particles. Since the gravitational interaction is a long range
force, therefore the gravitons should be massless particles. In this case, graviton has
two polarizations and consequently only 2 physical degrees of freedom. On the other
hand, massive graviton has 5 physical degrees of freedom. But when one extends the
Fierz-Pauli theory to a curved background, the sixth degree of freedom appears which
is unfortunately a ghost. This extension has been done by Boulware and Deser [11].
Since the Boulware-Deser ghost field has negative kinetic energy, leads to an unstable
solution in theory. de Rham and Gabadadze have shown that the ghosts fields in massive
gravity can be avoided [12] (see also [13]). Their model is an extension of the Fierz-Pauli
theory which gives the Galileon terms in the decoupling limit.4 From the decoupling
limit data, they have presented a non-linear massive action and have shown that there
is no Boulware-Deser ghost up to and including quartic order away from the decoupling
limit [14].
The spherically symmetric solutions of dRGT model in four dimensions have been
studied in literature. Nieuwenhuizen has obtained the Schwarzschild-de Sitter and Reissner-
Nordstro¨m-de Sitter black holes as exact solutions of dRGT model [18]. The authors
of [19] have found static charged black hole solutions in nonlinear massive gravity. They
have shown that in the parameter space of two gravitational potential parameters, below
the Compton wavelength, the black hole solutions reduce to that of Reissner-Nordstro¨m
via the Vainshtein mechanism in the weak field limit. In [15] which the authors have an-
alyzed the diagonal-metric solutions in a perturbative manner and have shown that they
lead to asymptotically flat solutions. It has been observed that these solutions exhibit
the vDVZ discontinuity. Many other interesting solutions also have been investigated,
see [16]- [33].
In the present paper, we are going to explore the static spherically symmetric black
hole solutions of dRGT massive gravity in different dimensions. The calculations are
done in the presence of cosmological constant and in the unitary and non-unitary gauges
in different dimensions. We show that, the value of cosmological constant changes due to
the effect of mass terms and so we find an expression for the value of effective cosmological
4A limit in which the graviton mass m → 0 and the Planck mass Mp → ∞, but (m2Mp) 13 is kept
fixed, known as the decoupling limit. In this limit, one can obtain an effective theory for the scalar mode
in massive gravity.
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constant in arbitrary dimensions.
2 Action and the equations of motion
We start with the following action:
S =
1
2κ2
∫
dDx
√−g[R + Λ +m2U(g, φa)], (2.1)
where R is the Ricci scalar, Λ is the cosmological constant and the graviton potential U
expressed as the following expansion:
U(g, φa) =
D∑
i=0
ciUi(g, φa), (2.2)
Here, cis are constants, φ
as are four-scalar fields known as the Stu¨ckelberg scalars in-
troduced to restore the general covariance [31] and the Uis are defined by the following
recursive relation:
Ui = −(i− 1)!
i∑
j=1
(−1)j
(i− j)!Tr(γ
j)Ui−j, i ≥ 1, (2.3)
with U0 = 1. The matrices γ and γi are defined as:
γα
µγµ
β = gµβ∂αφ
a∂µφ
bηab, (γ
i)α
β
= γα
µ1γµ1
µ2 . . . γµi
β. (2.4)
Here, ηab is the reference metric. The gamma matrices satisfy: (γ
0)α
β
= δα
β with
(γ0)αβ = gαβ. Furthermore, raising and lowering indices is performed by metric g, so
tracing can be understood by contractions, i.e, Trγi = gαβγiαβ.
Using the following relations for variation of metric [21, 32]
δTrγ =
1
2
γαβδg
αβ, δTrγi =
i
2
(γi)αβδg
αβ, (2.5)
one can get the equations of motion as follows:
Eαβ = Gαβ − Λ
2
gαβ +m
2Xαβ = 0, (2.6)
where Xαβ is given by the expansion
Xαβ = −1
2
D∑
i=0
ci
[
i∑
j=0
i!
j!
(−1)i−jUj(γi−j)αβ
]
. (2.7)
Here, we set c0 = 0, because we considered the cosmological constant separately. Using
the Bianchi identities also we have the following constraint
∇αXαβ = 0, (2.8)
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on the metric and scalars. Note that we use the γ notations instead of K which is related
to γ as: Kαβ = δαβ − γαβ. With this notation, U is defined in terms of K as
U(g, φa) =
D∑
i=0
αiUi(g, φa), (2.9)
where Uis are defined similar to (2.3) where γ is replaced by K. These two notations are
related to each other by a transformation between αi and ci [34]. Our notations keep
using γ, because we find out the solutions have a cleaner form in terms of ci, specially in
D dimensions.
3 Spherically symmetric black holes in unitary gauge
The most general spherically symmetric ansatz for the metric in four dimensions is given
by
ds2 = −C(r)dt2 + A(r)dr2 + 2D(r)drdt+B(r)2dΩ2. (3.1)
By using a set of coordinate transformations as: t˜ = t + f(r) and r˜ = B(r), one can
rewrite the metric as the following diagonal form
ds2 = −C(r)dt˜2 + A˜(r)dr˜2 + r˜2dΩ2, (3.2)
where f(r) and A˜(r) are defined by
f = −
∫
D
C
dr, A˜ =
D2 + AC
B2C
, (3.3)
respectively. The unitary gauge is defined by the gauge condition φa = δaµx
µ. But using
the above coordinate transformation we will go away from this gauge:
φ0 → t+ f(r), φr → B(r). (3.4)
In both pictures, we are left with four independent unknown functions that must be found
using field equations. There are two ways to proceed, ansatz (3.1) with scalars satisfying
the unitary gauge or (3.2) which satisfy the gauge condition (3.4). In this section we use
the former, and the latter will be applied in the next sections to find the solutions in
different dimensions.
Using Eq.(2.4), one can compute the components of matrix γ2 as:
γ2 =
1
∆2


A D 0 0
−D C 0 0
0 0 ∆
2r2
B2
0
0 0 0 ∆
2r2
B2

 . (3.5)
Since the above matrix contains 2×2 blocks, one can exploit the Cayley-Hamilton relation
for 2× 2 matrices to find the square root of this matrix,
Tr(M)M = M2 + I2(DetM), (3.6)
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where I2 denotes a 2 × 2 identity matrix. After some calculations, it is straightforward
to find the matrix γ,
γ =
1
W∆


A+∆ D 0 0
−D C +∆ 0 0
0 0 W∆r
B
0
0 0 0 W∆r
B

 , (3.7)
where ∆2 = D2 +AC and W 2 = A+C + 2∆. The eigenvalues of γ can be evaluated as:
λ1 = λ2 =
r
B
, λ3,4 =
W ±√W 2 − 4∆
2∆
. (3.8)
Having these results, one can easily find all components of γis and Ui and thereupon
different components of equations of motion
Ett =
1
2B2
(
(2 + ΛB2 + (
B′BA
∆2
)′ +B′′
BA
∆2
)
)
+
m2
2B2∆W
{
A
(
B2c1 + 4Bc2r + 6c3r
2
)
+∆
(
B2c1 + 4Bc2r + 6c3r
2 + 2rW (Bc1 + c2r)
)}
= 0, (3.9)
Etr =
m2D {B2c1 + 4Bc2r + 6c3r2}
2B2∆W
+
2D (B′∆′ −∆B′′)
B∆3
= 0, (3.10)
Ert = −m
2D (B2c1 + 4Bc2r + 6c3r
2)
2B2∆W
= 0, (3.11)
Err =
2B′ (AB′ +BA′)
2B2∆2
− (B
2Λ + 2)
2B2
− m
2
2B2∆W
{
C
(
B2c1 + 4Bc2r + 6c3r
2
)
+∆
(
B2c1 + 4Bc2r + 6c3r
2 + 2rW (Bc1 + c2r)
)}
= 0, (3.12)
Eθθ =
1
B∆
(
(
B′A
∆
)′ +
B
2
(
A
∆
)′
)
+
Λ
2
+
m2{W (Bc1 + 2c2r) + 2Bc2 + c1∆r + 6c3r}
2B∆
= 0.
(3.13)
It is clear from Eq.(3.11) that there are two distinct approaches to solve this equation5,
which are
D(r) = 0 or
(
B2c1 + 4Bc2r + 6c3r
2
)
= 0. (3.14)
By choosing D = 0, we will end with three equations: (3.9), (3.12) and (3.13) which
can’t be solved analytically, discussion about this branch of solutions can be found in
various references [15–17, 20] where some perturbative solutions has been explored, and
it is shown that the solutions exhibit the vDVZ discontinuity. Here we choose the latter,
that is
B2c1 + 4Bc2r + 6c3r
2 = 0, (3.15)
by the solution: B = br. Substituting this solution into the above equation leads to an
equation in terms of b which has two solutions:
b1,2 =
−2c2 ±
√
4c22 − 6c1c3
6c3
. (3.16)
5This feature indicates that the known Birkhoff’s theorem no more holds in these massive gravity
models [15].
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Moreover, from Eq.(3.10) we obtain: ∆ = sB′, where s is a free constant and we choose
it to be one here, in fact this constant can be removed in final solution by rescaling of
time coordinate. Substituting these results into Eq.(3.9) or Eq.(3.12) we get the following
equation:
rA′ + A+ r2(b2Λ−m2(bc1 + c2))− 1 = 0, (3.17)
that has a solution as
A = 1− M
r
+
r2
6
(Λ + 2bm2(c1 + c2b)). (3.18)
On the other hand, from Eq.(3.13) we find thatW = 1+b. This solution is match with the
results of [26] for specific values of cis. In fact, we can use the coordinate transformations
stated at the beginning of this section to express the result as:
ds2 = −f(r)2dt2 + 1
f(r)2
dr2 + r2dΩ2, (3.19)
where f 2 = 1 − (M/r) + (r2/6)(Λ + 2bm2(c1 + c2b)). One can find out that the effect
of massive terms is appeared in such a way that change the value of cosmological con-
stant. However, as stated above, the coordinate transformations excite the components
of Stu¨ckelberg fields. These AdS-Schwarzschild black hole solutions with effective cos-
mological constant also has been found in [18], but with an approach different from our
study and for specific values of constants. We will explore this type of solutions in the
next section and find the value of effective cosmological constant in different dimensions.
Before closing this section, it is worth to mention that, one can use the Euler-Lagrange
method to directly find the equations governing the functions {W,∆, A, B}. Evaluating
the lagrangian in (2.1) for the ansatz (3.1) we get:
L = sin(θ)
∆2
{
∆3
(
B2Λ+ 2
)
+B∆′ (4AB′ +BA′)−∆(B (4B′A′ +BA′′)
+2A
(
2BB′′ +B′2
))}
+m2 sin(θ)
{
W (B2c1 + 4Bc2r + 6c3r
2)
+∆(2c2r
2 + 2c1rB) + 2c2B
2 + 12c3rB + 24c4r
2
}
. (3.20)
As a further check, using the Euler-Lagrange equation:
∂L
∂φ
− ∂r ∂L
∂φ′
+ ∂2r
∂L
∂φ′′
= 0, (3.21)
with φ = {W,∆, A, B}, one can recover the previous results. For example it can be seen
that, W play the role of Lagrange multiplier and its coefficient is the equation (3.15).
4 Black holes in different dimensions
In the previous section we used unitary gauge to find Black Hole solutions in four di-
mensions. In this section instead, we use non-unitary gauge to find solutions in various
dimensions. The unitary calculation can be extended to other dimensions, but we saw
that this two gauges are related by coordinate transformation. So we proceed with just
non-unitary gauge in order to find the result for general dimensions, because the calcu-
lation is more tractable in this gauge.
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4.1 3D black holes
Here, we are going to find the spherically solutions of equation (2.6) in three dimensions
and show that the BTZ black holes are solutions of such equation. One can expect such
solution, because it is known that there is a connection between the dGRT formulation
in three dimensions and other 3d massive gravities like NMG [34,35] , where the BTZ is
a solution. In this case the equations of motion become:
Gαβ − 12(Λ +m2U)gαβ
+m2
{
1
2
(c1 + 2c2U1 + 3c3U2)γ1αβ − (c2 + 3c3U1)γ2αβ + 3c3γ3αβ
}
= 0. (4.1)
We consider the following ansatz for the metric and scalars φa
ds2 = −f(r)2dt2 + 1
f(r)2
dr2 + r2dθ2,
φ0 = t+ h(r), φi = φ(r)
xi
r
. (4.2)
The components of matrix γ2 can be computed using equation (2.4) as:
(γ2)α
β =


1
f2
h′
f2
0
−f 2h′ f 2(φ′2 − h′2) 0
0 0 φ
2
r2

 , (4.3)
where prime denotes derivative with respect to r. The matrix γ then becomes:
(γ)α
β =
1
σ

 1f2 + φ′ h
′
f2
0
−f 2h′ f 2(φ′2 − h′2) + φ′ 0
0 0 σφ
r

 , (4.4)
where
σ =
√
1
f 2
+ 2φ′ + f 2(φ′2 − h′2). (4.5)
Using this result one can compute all γi matrices and consequently various components
of equations of motion. From the E01 component of equations of motion we get:
h′(c1r + 2c2φ(r)) = 0, (4.6)
which has a solution as: φ(r) = br with b = −c1/2c2. Inserting this result into the E00
or E11 component yields to
2f ′f − r(c1bm2 + Λ) = 0, (4.7)
which has the following solution
f 2 = −M + r
2
2
(c1bm
2 + Λ). (4.8)
For m = 0, the above result leads to a non-rotating BTZ black hole [36, 37]. Using this
and the explicit from of E22 component of equations of motion, we can find the following
equation for h
1 + f 4(b2 − h′2) = (1 + b2)f 2, (4.9)
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solving this equation in terms of h yields
h(r) = ±
∫ r
1
√
(f(z)2 − 1)(b2f(z)2 − 1)
f(z)2
dz. (4.10)
These solutions also satisfy the constraint (2.8). We also can obtain equation (4.10) by
using the r component of this constraint. We see that the constant c3 does not appear
in the solution functions, this reflect the fact that U3 is a total derivative
U3 = 6φφ′ = 3(φ2)′. (4.11)
It is also notable that, by inserting the following ansatz
ds2 = −f(r)2dt2 + g(r)2dr2 + r2dθ2,
φ0 = t+ h(r), φi = φ(r)
xi
r
, (4.12)
into the lagrangian and finding the equations of motion for f(r), g(r), h(r) and φ(r), we
exactly restore the previous results.
4.2 4D black holes
In this subsection, we search for the static spherically symmetric black hole solutions in
4 dimensions. In this case, the equations of motion become:
Gαβ − 12(Λ +m2U)gαβ +m2
{
1
2
(c1 + 2c2U1 + 3c3U2 + 4c4U3)γ1αβ
− (c2 + 3c3U1 + 6c4U2)γ2αβ + 3(c3 + 4c4U1)γ3αβ − 12c4γ4αβ
}
= 0. (4.13)
Similar to the 3-dimensional case, we suppose the following ansatz for the metric and the
Stu¨ckelberg scalars
ds2 = −f(r)2dt2 + 1
f(r)2
dr2 + r2dΩ2,
φ0 = t+ h(r), φi = φ(r)
xi
r
. (4.14)
Using the above ansatz, the equation of φ becomes
(c1r
2 + 4c2rφ+ 6c3φ
2) = 0. (4.15)
The solution is: φ = br, where b is the roots of the second-order equation: c1 + 4c2b +
6c3b
2 = 0, that are
b1,2 =
−2c2 ±
√
4c22 − 6c1c3
6c3
. (4.16)
Also, the equation for f takes the following form
2rf ′f + f 2 − r
2
2
(Λ + 2bm2(c1 + c2b))− 1 = 0. (4.17)
The solution of the above equation is given by
f 2 = 1− M
r
+
r2
6
(Λ + 2bm2(c1 + c2b)). (4.18)
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For m = 0, the metric reduces to the usual AdS-Schwarzschild black hole. The equation
for h is similar to 3D case:
1 + f 4(b2 − h′2) = (1 + b2)f 2. (4.19)
So the solution is the same as Eq.(4.10). With this result, the constraint (2.8) is satisfied,
as well.
4.3 5D black holes
Here, the equations of motion become:
Gαβ − 12(Λ +m2U)gαβ +m2
{
1
2
(c1 + 2c2U1 + 3c3U2 + 4c4U3 + 5c5U4)γ1αβ
− (c2 + 3c3U1 + 6c4U2 + 10c5U3)γ2αβ + 3(c3 + 4c4U1 + 10c5U2)γ3αβ
− 12(c4 + 5c5U1)γ4αβ + 60c5γ5αβ
}
= 0. (4.20)
Consider the ansatz
ds2 = −f(r)2dt2 + 1
f(r)2
dr2 + r2dΩ23, (4.21)
where dΩ3 is the metric on the unit three sphere. In 5-dimensional case, we have a
third-order equation for φ:
(c1r
3 + 6c2r
2φ+ 18c3rφ
2 + 24c4φ
3) = 0. (4.22)
Taking the solution as: φ = br, one obtains the following equation for the constants ci:
c1 + 6b(c2 + b(3c3 + 4bc4)) = 0. (4.23)
The equation governing f becomes:
rf(r)f ′(r) + f(r)2 − r
2
6
(
Λ + 3bm2(c1 + 2b(c2 + bc3))
)− 1 = 0, (4.24)
which has a solution as:
f 2 = 1− 2M
r2
+
r2
12
{
Λ + 3bm2(c1 + 2b(c2 + bc3))
}
. (4.25)
Also, it is interesting that, there is an equation for h similar to the 3 and 4-dimensional
cases.
4.4 Black holes in D dimensions
As can be seen from the previous sections, it seems that the value of effective cosmological
constant in different dimensions can be written as a series in b, where b is a coefficient in
the solution of φ, which always has the form: φ = br. We also have explored the form of
effective cosmological constant in six dimensions and find out that the previous pattern
is repeated:
Λeff = Λ + 4bm
2 {c1 + 3b(c2 + 2b(c3 + bc4))} . (4.26)
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Putting the results in different dimensions together, one may guess the following pattern
for the effective cosmological constant in general dimensions D:
Λeff = Λ + (D − 2)bm2 {c1 + (D − 3)b(c2 + (D − 4)b(c3 + (D − 5)b(c4 + ...)))} , (4.27)
which can be rewritten in the following compact form:
Λeff = Λ +m
2
D−2∑
i=1
(D − 2)!
(D − 2− i)!cib
i, (4.28)
where b is one of the roots of the following equation:
D−1∑
i=1
i(D − 2)!
(D − i− 1)!cib
i−1 = 0. (4.29)
As a further check, using the standard Mathematica package “xAct” [39,40], we validate
the above results even for seven and eight dimensions and find an exact agreement.
4.5 Charged solutions
In this section, we search for charged black hole solutions. For this purpose, we add the
Maxwell term to the action (2.1)
S =
1
2κ
∫
dDx
√−g[R + Λ + 1
4
FµνF
µν +m2U(g, φa)]. (4.30)
We consider the gauge field to be as
Aµ = a(r)dt. (4.31)
Using the Maxwell equations, we obtain the following experssions for a(r) in 3 and 4-
dimensional cases
a(r) =
{
QLog(r) in 3D
Q
r
in 4D
(4.32)
Also, the function f(r) takes the following form in 3, 4 and 5-dimensional cases, respec-
tively:
f 2 = −M + r
2
2
(Λ + c1bm
2) +
Q2
2
Log(r),
f 2 = 1− M
r
+
r2
6
(Λ + 2bm2(c1 + c2b))− Q
2
4r2
,
f 2 = 1− 2M
r2
+
r2
12
{
Λ+ 3bm2(c1 + 2b(c2 + bc3))
}− Q2
12r4
. (4.33)
So again we see that the effect of massive potential appears as effective cosmological
constant, independent of the charge.
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5 Summary and discussion
We have studied the static spherically symmetric black hole solutions of dRGT massive
gravity in the presence of cosmological constant in various dimensions. It is shown that
the presence of mass term change the value of cosmological constant and unlike some
claims, does not add power-like r−λ or logarithmic terms Log(r) to f(r) [30].
We have found that the value of effective cosmological constant in different dimensions
is a series in terms of b, where b is appeared as a coefficient in the solution of φ, which
always has the form: φ = br. The explicit form of effective cosmological constant in
general dimensions D is:
Λeff = Λ +m
2
D−2∑
i=1
(D − 2)!
(D − 2− i)!cib
i, (5.1)
where b is one of the roots of the following equation:
D−1∑
i=1
i(D − 2)!
(D − 1− i)!cib
i−1 = 0. (5.2)
From the above results, it is deduced that in D dimensions there are D − 2 different
vacuum solutions. From this point of view, the result is similar to vacuum solutions of
Lovelock Gravity, for example see [38]. So in general the solutions can be asymptotic
AdS, dS or flat solutions. The theory exhibits degenerate behavior whenever two or more
effective cosmological constants coincide.
For a charged black hole, the effect of charge is appeared as an extra term in f(r) and
decoupled from mass terms. Therefore, the above expression for effective cosmological
constant is satisfied anyway, even for a charged black hole.
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A The Basic Invariant Iab
In addition to the usual ones in GR, due to the existence of Stu¨ckelberg fields, there is
another basic invariant in massive gravity which is defined by: Iab = gµν∂µφ
a∂νφ
b. In [26]
de Rham and his colleagues have pointed out that the singularities in Iab are problematic
for the existence of fluctuations around the classical solutions exhibiting it. Therefore,
in order for the solutions to be true, the coordinate singularities, like those one usually
appear at the horizon, must be absent in Iab. In this appendix we are going to show
that these singularities are really absent in the solutions found in this paper in arbitrary
dimensions.
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For the general ansatz :
ds2 = −f(r)2dt2 + 1
f(r)2
dr2 + r2dΩ2D−2,
φ0 = t + h(r), φi = φ(r)
xi
r
, (A.1)
the Iab can be calculated as:
I00 = f 2h′2 − 1
f 2
,
I0i = I i0 = f 2φ′h′ni,
I ij =
φ2
r2
δij + (f 2φ′2 − φ
2
r2
)ninj , (A.2)
where ni = x
i
r
. Using φ = br and the equation (4.19), which is general for all dimensions,
we obtain:
I00 = f 2b2 − (1 + b2). (A.3)
The expression for f in general dimensions is:
f 2 = 1− 2M
rD−3
+
Λeff
(D − 2)(D − 1)r
2 +
Q2
r2(D−3)
, (A.4)
so we see that the expression for I00 won’t become singular except at physical singularity
r = 0. Similarly for I0i and I ij we have:
I0i = b
√
(f 2 − 1)(b2f 2 − 1)ni,
I ij = b2δij + b2(f 2 − 1)ninj , (A.5)
which also just become singular at physical singularity r = 0, because coordinate singu-
larities appear only in the negative powers of f .
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